Abstract. We define Lie and Courant algebroids on Fréchet manifolds. Moreover, we construct a Dirac structure on the generalized tangent bundle of a Fréchet manifold and show that it inherits a Fréchet Lie algebroid structure. We show that the Lie algebroid cohomology of the B-cotangent bundle Lie algebroid of a weakly symplectic Fréchet manifold M is the Lichnerowicz-Poisson cohomology of M .
Introduction
In recent years Poisson geometry has been extended to the Banach manifolds context.
In particular, the concept of Lie algebroid was generalized to the category of Banach vector bundles in [1, 6] . Lie algebroids were also defined on Projective limits of Banach Manifolds [3] .
Dirac structures on Banach manifolds were studied in [2, 11] . The assertion that the Lie algebroid cohomology of the cotangent bundle Lie algebroid of a finite dimensional Poisson manifold M is the Lichnerowicz-Poisson cohomology of M was generalized to the Banach manifolds case in [7] .
Our goal in this paper is to extend to Fréchet manifolds some of the aforementioned results.
Frechet manifolds arise in number of problems that have significance in global analysis and physical field theory. However, due to permanent problems with Fréchet spaces (i.e problems of intrinsic nature) in most cases they are handled by indirect methods or only certain type of Fréchet manifolds are considered (see [5] for a survey on recent developments in Fréchet geometry). One of the main issues in the theory of Fréchet spaces is that the dual of a proper Fréchet space (not Banachable) is never a Fréchet space. In addition, the space of continuous linear mappings of one Fréchet space to another is not a Fréchet space in general. This defect puts in question the way of defining cotangent bundle. In fact, as pointed out in [9] , if M is a manifold modelled on a Fréchet space F , then there is no vector topology on the dual of F that can lead to a smooth manifold structure on the set-theoretic cotangent bundle of M. But the cotangent bundle of a Poisson manifold is a special case of Lie algebroid and vital to the Cartan calculus of differential forms. A way out of this difficulty was observed in [12] , where a notion of the B-cotangent bundle of a manifold modelled on a locally convex space was introduced and the Cartan calculus of differential forms was successfully adapted to the category of manifolds modelled on locally convex spaces.
By means of this notion we define Lie and Courant algebroids on Fréchet manifolds.
Furthermore, we construct a Dirac structure as a subbundle of the generalized tangent bundle T M 1 B ' T M of a Fréchet manifold M and show that it inherits a Lie algebroid structure from the Courant bracket. We show that a weak symplectic form of a Fréchet manifold M determines the so-called Lichnerowicz-Poisson cohomology of M and the Chevalley-Eilenberg cohomology of its B-cotangent bundle Lie algebroid which are exactly the same.
We should mention that another approach to the geometry of Fréchet cotangent bundle is using the convenient setting which provides two notions of cotangent bundle (kinematic and operational). We can attempt to use convenient calculus to develop Poisson geometry for Fréchet manifolds but in this paper we consider only Micheal-Bastiani differentiability which is more familiar and applicable for people working in Fréchet spaces. It turns out by using the notion of B-cotangent bundle most of the assertions and constructions are much the same as those of Banach manifolds case.
Preliminaries: Poisson Fréchet manifolds
In this section, following [12] , we define Poisson structures on Fréchet manifolds. We will apply the notion of differentiability in the Michal-Bastiani sense. We will be working in the category of smooth manifolds and bundles. Definition 2.1. Let E and F be Fréchet spaces, U Ď E open and f : U Ñ F a continuous map. The derivative of f at x P U in the direction of h P E is defined as
pf px`htq´f pxqq whenever the limit exits. The map f is called differentiable at x if d f pxqphq exists for all h P E. It is called a C 1 -map if it is differentiable at all points of U and
is a continuous map. Higher directional derivatives and C k -maps, k ě 2, are defined in the obvious inductive fashion.
Within this framework Fréchet manifolds, Fréchet vector bundles (especially tangent bundles) and C k -maps between Fréchet manifolds are defined in obvious way (cf. [9] ). However, for a manifold M modelled on a Fréchet space F we can define the set-theoretic cotangent bundle T 1 M (without any topology on the fiber), but in general there is no vector topology on F 1 , the dual of F , that can lead to the identification
Thus, we follow [12] and use the notion of a B-cotangent bundle instead. In this definition to put a manifold structure on T 1 M, the dual of F is equipped by a B-topology, where B is a bornology on F . To be precise, we recall that a family B of bounded subsets of F that covers F is called a bornology on F if it is directed upwards by inclusion and if for every B P B and r P R there is a C P B such that r¨B Ă C. Let E be a Fréchet space, B a bornology on E and L B pE, F q the space of all linear continuous maps from E to F . The B-topology on L B pE, F q is a Hausdorff locally convex topology defined by all seminorms P n B pLq -suptp n pLpeqq | e P Bu, where B P B and tp n u nPN is a family of seminorms defining the topology of F . One similarly may define L 
Assume that B is a bornology on F containing all compact sets and M is a Fréchet manifold modelled on F . Let f be a functional defined over M. The derivative of f at x P M can be written in terms of the iterated tangent bundles of M and we can consider d f :
Definition 2.2. Let M be a Fréchet manifold modelled on a Fréchet space F and B a bornology on F . The B-cotangent bundle of M is defined as T M 
If B is chosen such that T pBq Ă B for all continuous linear endomorphisms T of F , then Let M be a manifold modelled on a Fréchet space F and B a bornology on F . A smooth differentiable k-form of type B is a smooth section of the bundle
We can also define a smooth differential k-form in the weak sense (which is usually used in the literature) as a section of the set-theoretic k-exterior bundle
We denote by XpMq the space of all vector fields on M. The Lie bracket rX, Y s of X, Y P XpMq is again vector field and pXpMq, r¨,¨sq is a Lie algebra [9, Proposition II. 3.7] . We further obtain for each X P XpMq and a k-form ω on M a unique linear map pı X ωq x " ı Xpxq ω x , where x P M and v, v 0 ,¨¨¨, v k´1 P T x M and pı v ω x qpv 1 ,¨¨¨, v k´1 q -ω x pv, v 1 ,¨¨¨, v k´1 q. Let ω be a k-form on M. Then d dR ω, the de Rham derivative of ω, on vector fields X 0 ,¨¨¨, X k P XpMq is a smooth pk`1q-form [12, Lemma IV.8] and is given by
where a hat over symbols means omission. We now define the Lie derivative L X of a differential form in the direction of a vector field X by the Cartan formula: 
is injective for all x P M. Here, pT x Mq 1 b is the strong dual of the tangent space.
Definition 2.4.
A vector field X f on a weakly symplectic Fréchet manifold pM, ωq is called the symplectic gradient vector field of a smooth real valued function f P C 8 pMq if d f " ωpX f ,¨q " ω # p´X f q. Let f, g P C 8 pMq be such that X f and X g exist. For f and g, the Poisson structure tf, gu of is defined by
It is R-linear, anti-symmetric and satisfies Jacobi identity, if all involved symplectic gradient vector fields exist. We say that a pair tM, t¨,¨uu is a Fréchet Poisson manifold.
Fréchet Lie algebroids
Let M be a manifold modelled on a Fréchet space F and let π : L Ñ M be a Fréchet vector bundle over M with fibers of type F. We denote by ΓpLq the space of smooth sections of the vector bundle L. The spaces ΓpLq and XpMq are both C 8 pMq-modules. (1) The induced map λ L : pΓpLq, r¨,¨s L q Ñ pXpMq, r¨,¨sq given by pλ L psqqpxq " λ L pspxqq,
x P M, s P ΓpLq is a Lie algebra homomorphism, (2) rs 1 , f s 2 s L " f rs 1 , s 2 s L`λL ps 1 qpf qs 2 for every f P C 8 pMq and s 1 , s 2 P ΓpLq.
The tangent bundle T M is trivially a Fréchet Lie algebroid for the usual Lie bracket of vector fields on M and the identity map of T M as an anchor map.
Definition 3.2.
A Courant algebroid is a vector bundle π : C Ñ M together with an anchor λ C , a nondegenerate symmetric bilinear form Θ and a bracket r¨,¨s C on ΓpCq such that for all s 1 , s 2 , s 3 P ΓpCq and f P C 8 pMq
Since the B-cotangent bundle T M Define the Courant bracket on ΓpTMq by
We can easily show that the restriction of ¨,¨ to ΓpDq yields a Lie bracket and if we let Pr : D Ñ T M to be the restriction of the projection to T M, then pD, ¨,¨ D , Prq is a Fréchet Lie algebroid.
Fréchet Lie algebroids cohomology
Let pM, ωq be a weakly symplectic Fréchet manifold. We denote by X k pMq and Ω k pMq the spaces of all k-vector fields and k-differential forms on M, respectively. Define a morphism
The weak symplectic form ω induces a unique lie bracket of 1-forms given by tα, βu " L #ωpαq β´L #ωpβq α´d dR ωpα, βq.
In general the existence of the lie bracket is equivalent to the existence of the weak symplectic form ω, the proof is the same as the finite dimensional case, see [10] . Define the contravariant
where α 0¨¨¨, α k P ΩpMq and a hat over symbols means omission. Formally, the expression (4.3) is exactly the same as the de Rham derivative of forms and hence its algebraic consequences will be the same, in particular
where X i pi " 1, 2q are k-vector fields on M and deg X i is the degree of X i . Therefore, ΩpMq -' kPNYt0u pΩ k Mq with the coboundary operator σ is cochain complex and we can define the Lichnerowicz-Poisson cohomology of M. 
4.4)
are Lichnerowicz-Poisson cohomology or LP-cohomology spaces of M.
The following LP-cohomology spaces can be computed straightaway by Definition 4.1.
Let Z tC 8 pM q,t,uu " tf P C 8 pMq : @g P C 8 pMq, X g f " 0u and let X 1 S pMq be the space of symplectic gradient vector fields
Now we define the Chevally-Eilenberg cohomology [4] associated to Fréchet Lie algebroids.
Let pL, λ L , r¨,¨s E q be a Fréchet Lie algebroid over a Fréchet manifold M. Let C 8 pMq act on This result was obtained for finite dimensional manifolds in [10] .
